The B c → B ( * ) q P , B q V decays are studied with the QCD factorization approach (where P and V denote pseudoscalar and vector mesons, respectively; q = u, d and s). Considering the contributions of both current-current and penguin operators, the amplitudes of branching ratios are estimated at the leading approximation. We find that the contributions of the penguin operators are very small due to the serious suppression by the CKM elements. The most promising decay modes are
I. INTRODUCTION
The B c meson is one of the unique "double heavy-flavored" binding system in the standard model (SM). The study of the B c meson has received a great interest, due to its special properties: ( The B c mesons are too massive to access at the B-factories near Υ(4S). They can be produced in significant numbers at hadron colliders. The B c meson has been firstly discovered by the CDF Collaboration [1] . Recently the CDF and D0 Collaborations announced some accurate measurements [2, 3] with part of their available data. Much more B c mesons and detailed information about their decay properties are expected at the Large Hadron Collider (LHC) which is scheduled to run in this year. It is estimated that one could expect around 5
× 10
10 B c events per year at LHC [4, 5] due to the relatively large production cross section [6] plus the huge luminosity L = 10 34 cm −2 s −1 and high center-of-mass energy √ s = 14 TeV [7] . There seems to exist a real possibility to study not only some B c rare decays, but also CP violation and polarization asymmetries. The study of the B c meson will highlight the advantages of B physics at hadron colliders.
The τ Bq (where q = u, d, and s) [8] . Rates of the Class (1) and (2) are competitive in magnitude. The Cabibbo-Kobayashi-Maskawa (CKM) [9] matrix elements |V cb | ≪ |V cs |, that is in favor of the c-quark decay greatly, whereas the phase space factor m 5 b ≫ m 5 c compensates the CKM matrix elements a lot for the two flavors [10] . In fact, the dominant contributions to the B c lifetime comes from the c-quark decays [Class (2)] (≈ 70%), while the b-quark decay [Class (1) ] and weak annihilation [Class (3) ] are expected to add about 20% and 10%, respectively [4] .
The B c meson decays have been widely studied in the literature due to some of its outstanding features. (1) The pure leptonic B c decays belong to the Class (3), which are free from strong interaction in final states and can be used to measure the decay constant f Bc and the CKM elements |V cb |, but they are not fully reconstructed due to the missing neutrino. (2) The semileptonic B c decays provide an excellent laboratory to measure the CKM elements |V cb |, |V ub |, |V cs |, |V cd | and form factors for transitions of B c → b-and cflavored mesons. The first signal of B c is observed via this mode [1] . The most difficult theoretical work at present is how to evaluate the hadronic matrix elements properly and accurately. (3) The nonleptonic B c decays are the most complicated due to the participation of the strong interaction, which complicate the extraction of parameters in SM, but they also provide great opportunities to study perturbative and non-perturbative QCD, final state interactions, etc.
The earlier nonleptonic decays of B c meson has been studied in [4, 5, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37] .
While c-quark decays take the lion's share of the B c lifetime, the study on the Class (2) has not received enough attention. This can be explained by the fact that on the one hand the available data on the B c meson is very few, on the other hand it is assumed that the long distance effects and final state interferences might be quite huge and that the Class (2) decays were hard to detect experimentally. Accompanied by the LHC being about to run, the future copious data require more accurate theoretical predictions from now on. In this paper, we shall concentrate on the B c → B ( * ) q P , B q V (here P and V denote pseudoscalar and vector mesons, respectively; q = u, d and s) decays in Class (2) with QCD factorization approach. Now let us outline a few reasons and arguments below. q , all have a long lifetime due to their decays via the weak interaction. Considered the relativistic boost kinematically due to their large momentum obtained from huge center-of-mass energy, their information would be easily recorded by the multipurpose detectors sitting at the hadron colliders interaction regions (see [7] for details).
• Although it is perceived that the hadron collider environment is "messy" with high backgrounds, the B c → B ( * ) q P , B q V decays are measurable due to the "clean" final states. Since the B c meson carries charge, the final B ( * ) q meson is tagged explicitly by the initial B c meson. The other light meson in the final state could also be identified effectively by the conservation low of both momentum and energy, because the dedicated detectors at LHC has excellent performance on trigger, time resolution, particle identification and so on (see [7] for details).
From the phenomenological view
• With very high statistics, we can carefully test the various theoretical models, precisely determine the CKM elements, and meticulously search for the signals of new physics. This requires more accurate theoretical predictions. In this paper, we shall study the B c → B ( * ) q P , B q V decays with QCD factorization approach, including the contributions of both current-current and penguin operators.
• In the rest frame of the B c meson, the velocity β B This paper is organized as follows: In Sec. II, the theoretical framework is discussed.
To estimate the amplitude of the branching ratios, the master QCD factorization (QCDF) formula are applied to the B c → B ( * ) q P , B q V decays at the leading approximation. Section III is devoted to the numerical results. Finally, we summarize in Sec. IV.
II. THEORETICAL FRAMEWORK

A. The effective Hamiltonian
Using the operator product expansion and renormalization group (RG) equation, the low energy effective Hamiltonian relevant to the B c → B ( * ) q P , B q V decays can be written as
where
is the CKM factor. The cases q = d and q = s can be treated separately and have the same Wilson coefficients C i (µ). The expressions of the local operators are
where the summation over the repeated color indices (α and β) is understood. The Dirac 
Here U f (µ f , µ i ) is the RG evolution matrix for f active flavors, which includes the RGimproved perturbative contribution from the initial scale µ i down to the final scale µ f . The M(µ) is the 10×10 quark-threshold matching matrix. The corresponding formula and expressions can be found in Ref. [38] . The Wilson coefficients C i (µ) have been evaluated to the next-to-leading order (NLO). Their numerical values in the naive dimensional regularization (NDR) scheme are listed in Table I .
B. Hadronic matrix elements within the QCDF framework
For the weak decays of hadrons, the short-distance effects are well-known and can be calculated in perturbation theory. However, the nonperturbative long-distance effects responsible for the hadronization from quarks to hadrons still remain obscure in several aspects. But to calculate the exclusive weak decays of the B c meson, one needs to evaluate the hadronic matrix elements, i.e., the weak current operator sandwiched between the initial state of the B c meson and the concerned final states, which is the most difficult theoretical work at present. Phenomenologically, these hadronic matrix elements are usually parameterized into the product of the decay constants and the transition form factors based on the argument of color transparency and the naive factorization scheme (NF) [39] . A few years ago, Beneke, Buchalla, Neubert, and Sachrajda suggested a QCDF formula to compute the hadronic matrix elements in the heavy quark limit, combining the hard scattering approach with power counting in 1/m Q [40] (here m Q is the mass of heavy quark). At leading order in the power series of heavy quark mass expansion, the hadronic matrix elements can be factorized into "non-factorizable" corrections dominated by hard gluon exchange and universal non-perturbative part parameterized by the form factors and meson's light cone distribution amplitudes. This promising approach has been applied to exclusive two-body nonleptonic [41, 42, 43] . It is found that with appropriate parameters, most of the QCDF's predictions are in agreement with the present experimental data. In this paper, we would like to apply the QCDF approach to the B c → B ( * ) q P , B q V decays. In the heavy quark limit m c ≫ Λ QCD , up to power corrections of order of the Λ QCD /m c , using the master QCDF formula, the hadronic matrix elements for the B c → B
is the transition form factor and Φ M (z) is the distribution amplitudes for the meson of M, which are assumed to be nonperturbative and dominated by the soft contributions. The hard-scattering kernels H(z) can be calculated in the perturbative theory.
For details about the QCDF formula Eq.(8), please refer to Ref. [40] .
To estimate the branching ratios approximately and to have a sense of the order of amplitudes, we shall adopt a rough approximation, i.e. at the leading order of α s . Within this approximation, the hard-scattering kernel functions become very simple, H(z) = 1. That is to say the long-distance interactions between M and B c -B ( * ) q system could be neglected. So the integral of Φ M (z) reduces to the normalization condition for the distribution amplitudes.
Furthermore, according to the arguments of QCDF [40] , the hard interactions with the spectator are power suppressed in the heavy quark limit. Therefore it is not surprisingly to reproduce the result of NF.
In our paper, the annihilation amplitudes are neglected due to some reasons. (1) According to the power counting arguments of QCDF [40] , compared with the leading order contributions to the hard scattering kernel, the contributions from annihilation topologies are power suppressed. (2) The annihilation amplitudes are suppressed by the CKM elements.
For the decay modes concerned, the CKM factors in the non-annihilation amplitudes are
2 , while the annihilation amplitudes are proportional to the CKM factors of
The explicit expressions of decay amplitudes for B c → B ( * ) q P , B q V decays are collected in appendix A. In our paper, we define
where i runs from 1 to 10, C i are the Wilson coefficients. N c = 3 is the color number.
III. NUMERICAL RESULTS AND DISCUSSIONS
Within the QCDF approach, the decay amplitudes depend on many input parameters including the CKM matrix elements, decay constants, form factors, etc. These parameters are discussed and specified below.
A. The CKM matrix elements
We will use the Wolfenstein parameterization. Phenomenologically, it is a popular approximation of the CKM matrix in which each elements is expanded as a power series in the small parameter λ. Up to O(λ 6 ), the CKM elements can be written as [38] 
The global fit for the four independent Wolfenstein parameters gives [8] A = 0.818 
where the relationship between (ρ, η) and (ρ,η) is [8] 
If not stated otherwise, we shall use their central values for illustration.
B. Decay constants and form factors
In principle, information about the decay constants and transition form factors of mesons can be obtained from experiments and/or theoretical estimations. Now we specify these parameters. The decay constants f P and f V corresponding to the pseudoscalar and vector mesons respectively, are defined by
where ǫ * is the polarization vector of the vector meson V . In this paper, we assume ideal mixing between ω and φ mesons, i.e. ω = (uū + dd)/ √ 2 and φ = ss. In fact, the B c → B ( * ) u φ decays are not possible, because the B c meson lies below the threshold of the B ( * ) u φ system. As to the η and η ′ mesons, we take the convention in Ref. [44] , adopting the Feldmann-Kroll-Stech mixing scheme. Neglecting the possible compositions of both η c = cc and glueball gg, the η and η ′ are expressed as linear combinations of orthogonal states η q and η s with the flavor structure= (uū + dd)/ √ 2 and ss, respectively, i.e.
where φ = (39.3±1.0)
• [44] is the η-η ′ mixing angle. So the decay constants related to the η and η ′ mesons can be defined by
The matrix elements of the pseudoscalar densities are defined by [45] 0|ūγ 5 u|η
The numerical values of the decay constants are collected in Table II. If not stated otherwise, we shall take their central values for illustration.
The transition form factors are defined as [39] 
where F 0,1 , V and A 0,1,2,3 are the transition form factors, q = p − k. In order to cancel the poles at q 2 = 0, we must impose the condition
In our paper, only the B c → B ( * ) q transition form factors appear in the amplitudes within the "spectator" model where the spectator is the b-quark for the concerned processes. Their numerical values are collected in Table III . From the numbers in Table III, we meson is neither fast nor small. By intuition, the overlap between the initial and final states should be huge, close to unity, as that argued in [37] . So for illustration and simplification, we will take the same value for the transition form factors, i.e. F 1,0 (0) = A 0 (0) = 0.8.
C. Quark masses
In the decay amplitudes, there exist the "chirally enhanced" factors which are associated with the hadronic matrix elements of the scalar and pseudoscalar densities, for example, R c1 
Using the renormalization group equation of the running quark mass [38] ,
their corresponding values at a characteristic scale µ ∼ m c can be obtained.
D. Numerical results and discussions
The numerical results are listed in Table IV , where Br T corresponds to the contributions of the current-current operators only, Br T +Ps corresponds to the contributions of both current-current and QCD penguin operators, Br T +Ps+Pe corresponds to the contributions of both current-current and penguin operators, i.e. Q 1 , · · ·, Q 10 .
Here, we would like to point out that these numbers are just the qualitative estimations on the order of amplitudes, because many of the subtleties and details, such as final state interactions, the renormalization scale dependence, the transition form factors, the strong phases, and so on, all deserve the dedicated researches but are not considered here.
From the numbers in Table IV , we can see tree topologies penguin topologies annihilation topologies
So, for the B c → B ( * ) P , BV decays, the effects of new physics contributed via the penguin topologies might be tiny and not detectable even with large statistics, due to the serious suppression by the CKM elements.
• There are clear hierarchy of amplitudes of the branching ratios. According the CKM elements and the coefficients of a 1,2 , these decay modes are divided into different cases listed below.
cases processes coefficients the CKM elements order of branching ratios
The decay modes determined by a 1 have comparatively large branching ratios, which should be detectable experimentally, especially the CKM favored decay modes, such
s π, B s ρ, might be the promising decay modes to be measured in hadron colliders. Due to the great branching ratios of the decay modes determined by a 1 , the B c mesons can be used as a source of the B s mesons if the B c is produced copiously, as that stated in Ref. [10] . The decay modes determined by a 2 have comparatively small branching ratios, which are hard to detect experimentally, especially the CKM suppressed decay modes, such as B c → B ( * )
, their branching ratios are too tiny to be measured.
• Although the B c → B • The relations among the B c → B ( * ) q P , B q V decay mode become very simple since the effects of penguin topologies is too tiny to be considered. We can use these relations to determine and overconstrain some parameters, such as the CKM elements, the form factors, etc. In addition, in estimating and measuring these parameters, the ratios of the branching ratios can be used to cancel and/or reduce largely theoretical uncertainties and experimental errors. For example
IV. SUMMARY AND CONCLUSION
In prospects of the huge statistics of the B c mesons at the hadron colliders, accurate and thorough studies of the B c physics will be accessible very soon. In this paper, we study the two-body nonleptonic c-quark decays in the B c mesons, i.e. B c → B ( * ) q P , B q V decays within the QCDF approach for the leading approximation, and estimate their branching ratios. We find that the contributions of the penguin operators are very small to the decay amplitudes due to the serious suppression by the CKM elements. The decay modes determined by a 1 have comparatively large branching ratios. The most promising decay modes are B c → B ( * ) s π, B s ρ, which might be easily detected at the hadron colliders.
where R c1 = 2m
where R c2 = 2m
where R c3 = 2m
where 
with the values of F + = 0.3±0.1 (0.30±0.05), F [50] . 
